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Abstract
From the existence of a tower of algebraic function ﬁelds with more steps than the Garcia–
Stichtenoth tower, we improve upper bounds on the bilinear complexity of multiplication in
all extensions of the ﬁnite ﬁeld Fq where q is an arbitrary prime power.
r 2003 Elsevier Science (USA). All rights reserved.
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1. Introduction—notations
Let Fq be the ﬁnite ﬁeld with q elements where q is a prime power and let Fqn be a
Fq extension of degree n: We denote by m the ordinary multiplication in the ﬁnite
ﬁeld Fqn : The multiplication m is a bilinear map from Fqn  Fqn into Fqn ; thus it
corresponds to a linear map M from the tensor product Fqn#Fqn over Fq into Fqn :
One can also represent M by a tensor tMAFqn#F

qn#Fqn ; where F

qn denotes the dual
of Fqn over Fq: The bilinear complexity of multiplication in Fqn over Fq; denoted by
mqðnÞ; is the rank of tensor tM (cf. [1,3]). We have proved in [1] that the bilinear
complexity of multiplication in any ﬁnite ﬁeld Fqn where q ¼ pr is an arbitrary prime
power is linear uniformly in q with respect to the degree n: In fact, this complexity is
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such that mqðnÞpBqn where Bq is deﬁned by
Bq ¼
6 1þ q
q  3
 
if q43;
2 1þ
ﬃﬃﬃ
q
pﬃﬃﬃ
q
p  3
 
if q49 and q is a perfect square:
8>><
>>:
In this paper, we improve the bounds Bq; namely mqðnÞpCqn where Cq is
deﬁned by
Cq ¼
6 1þ p
q  3
 
if q43;
2 1þ pﬃﬃﬃ
q
p  3
 
if q49 and q is a perfect square:
8>><
>>:
These new bounds are obtained from the existence of a tower of algebraic function
ﬁelds satisfying the conditions of the following theorem proved in [1]:
Theorem 1.1. Let q be a prime power and n41 be a natural number. If there exists
an algebraic function field F=Fq of genus g with 2g þ 1pqn12 ðq12  1Þ such that
NðF=FqÞ42n þ 2g  2; then
mqðnÞp2n þ g  1:
The existence of this tower is obtained from the tower of Garcia–Stichtenoth by
adding new intermediate steps. Note that it enables us to get new bounds closer to
the asymptotic bounds of Shparlinski et al. [3].
2. Existence of a low step up tower of algebraic function ﬁelds
In this section, let q ¼ pr be an arbitrary prime power. We consider the tower
TGS ¼ F1DF2DF3D? of function ﬁelds Fi=Fq2 over Fq2 of genus gk ¼ gðFkÞ with
Nk ¼ NðFkÞ; the number of places of degree one, such that the ratio Nk=gk tends to
the Drinfeld–Vladut bound Aðq2Þ ¼ q  1; constructed by Garcia and Stichtenoth
[2]. First, let us recall the following results established by Garcia and Stichtenoth
in [2].
Deﬁnition 2.1. Let q ¼ pr be an arbitrary prime power with p prime and r an integer.
Let F1 :¼ Fq2ðx1Þ be the rational function ﬁeld over Fq2 : For kX1; we set
Fkþ1 :¼ Fkðzkþ1Þ;
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where zkþ1 satisﬁes the equation
z
q
kþ1 þ zkþ1 ¼ xqþ1k
with
xk :¼ zk=xk1AFk ðfor kX2Þ:
Theorem 2.1. Let q ¼ pr be an arbitrary prime power with p prime and r an integer.
The genus gk ¼ gðFkÞ is given by the following formula:
gk ¼
qk þ qk1  qkþ12  2qk12 þ 1 if k 	 1 mod 2;
qk þ qk1  1
2
q
k
2þ1  3
2
q
k
2  qk21 þ 1 if k 	 0 mod 2:
(
For any kX3; the number Nk of places of Fk=Fq2 of degree one is such that
NkXðq2  1Þ:qk1 þ 2q:
Corollary 2.1. limk-N Nk=gk ¼ q  1 and limk-N gkþ1=gk ¼ q ¼ pr:
From certain properties of the tower of Garcia–Stichtenoth, we prove the
following result:
Theorem 2.2. Let q ¼ pr be an arbitrary prime power with p prime and r an integer.
For any integer kX1; for any integer s such that s ¼ 0;y; r; there exists an algebraic
function field Fk;s=Fq2 of genus gk;s with Nk;s places of degree one such that
(1) FkDFk;sDFkþ1 with Fk;0 ¼ Fk and Fk;r ¼ Fkþ1:
(2) gk;spgkþ1prs þ 1:
(3) Nk;sXðq2  1Þqk1ps:
Proof. For any integer kX1; the extensions of function ﬁelds Fkþ1=Fk are of Artin-
Schreier type by Garcia and Stichtenoth [2]. Thus, Fkþ1=Fk is an elementary abelian
extension of exponent p with a Galois group isomorphic to ðZ=pZÞr by Proposition
1.1 in [2]. So we have ½Fkþ1 : Fk ¼ q ¼ pr: Consequently, for any integer s ¼ 1;y; r;
there exists a Galois extension Fk;s=Fk of degree ½Fk;s : Fk ¼ ps with Fk;0 ¼ Fk and
Fk;r ¼ Fkþ1 such that Fk;0DFk;1D?CFk;r ¼ Fkþ1: So Fkþ1=Fk;s is a Galois
extension of degree ½Fkþ1 : Fk;s ¼ prs: Moreover, the full constant ﬁeld of
Fk;s is Fq2 because at least one place of F1 is totally ramiﬁed in Fk;s=F1
by Proposition III.7.8 (c), (d) in [4]. Indeed, by Garcia and Stichtenoth [2] there is
a place of F1 which is totally ramiﬁed in Fkþ1 and by Proposition III.1.6 in [4],
any place of F1 totally ramiﬁed in Fkþ1 is totally ramiﬁed in Fk;s: Then by the
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Hurwitz Genus formula [4], we have
gk;sp
gkþ1
prs
þ 1:
Moreover, let P be a place of degree one in the rational function ﬁeld F1 ¼ F1;0 such
that P is the zero of x1  a with aa0AFq2 : Then, the place P splits completely in
Fkþ1=F1 by (A) in [2]. Let us set d ¼ ½Fkþ1 : F1 and d 0 ¼ ½Fkþ1 : Fk;s: If l denotes the
number of places of Fk;s lying over the place P of F1; it is well known that lpdd 0 with
equality holding if and only if P is completely splitted. But, we have dpld 0 for
similar reasons which gives lXd
d 0: Thus we have l ¼ dd 0 ¼ ½Fk;s : F1 which proves that
the place P splits completely in Fk;s=F1: Hence, there are exactly q
k1ps places of
degree one above P in Fk;s by Proposition 1.1(iv) in [2]. Thus, there are at least
ðq2  1Þqk1ps places of degree one in Fk;s: &
Now, let us consider the tower:
T ¼ F1;0DF1;1D?DF1;rDF2;0D?DF2;rD?DFk;0D?DFk;rD?
of function ﬁelds Fk;s=Fq2 over Fq2 of genus gk;s with Nk;s its number of places of
degree one, satisfying the conditions of Theorem 2.2.
Corollary 2.2. limk-N Nk;s=gk;s ¼ q  1 and limk-N gk;sþ1=gk;s ¼ p:
Proof. Let us ﬁx sAf0;y; rg: Then by Theorems 2.2 and 2.1, we have
lim infk-N Nk;s=gk;sXlimk-N
ðq21Þqk1ps
gkþ1
prsþ1
Xlimk-N
ðq21Þqk1ps
qkþ1þqk
prs þ1
¼ q  1: Moreover, q 
1Xlim supk-N Nk;s=gk;s by the Drinfeld–Vladut bound which gives the equality
lim supk-N Nk;s=gk;s ¼ lim infk-NNk;s=gk;s ¼ q  1: Moreover, for any
sAf0;y; r  1g; we have gk;sXps2 ð2gk  2Þ þ 1 by the Hurwitz Genus formula [4].
Hence, we have gk;sþ1=gk;sp
gkþ1
prs1þ1
ps
2 ð2gk2Þþ1
which gives lim supk-N gk;sþ1=gk;sp
limk-N
gkþ1
pr1gk
¼ p
q
limk-Ngkþ1=gk ¼ p by Corollary 2.1. Then, the equality
lim supk-N gk;sþ1=gk;s ¼ lim infk-N gk;sþ1=gk;s ¼ p follows from it because the strict
inequality clearly gives a contradiction with the Drinfeld–Vladut bound. Indeed, let
us suppose limk-N gk;sþ1=gk;s ¼ rop exists. Then, we have gk;sþ1Brgk;s: Moreover
as we have gk;spgkþ1prs þ 1 and Nk;sXðq2  1Þqk1ps by Theorem 2.2, we obtain
limk-N Nk;sþ1=gk;sþ1Xlimk-N
ðq21Þqk1psþ1
rðgkþ1
prsþ1Þ
¼ limk-N ðq
21Þqk1psþ1
rðqkþ1þqk
prs þ1Þ
¼ ðq  1Þ pr4q  1
which is impossible. &
Now, let us prove that for any integer nX12 q
2 þ 1; there exists an algebraic
function ﬁeld Fk;s=Fq2 in the tower T deﬁned above satisfying the conditions of
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Theorem 1.1. Since for all k and 0pspr; we have Nk;sXðq2  1Þqk1ps and
gk;spqk1psðq þ 1Þ þ 1; let us set the following deﬁnitions:
Deﬁnition 2.2. Let Mk;s ¼ ðq2  1Þqk1ps and hk;s ¼ qk1psðq þ 1Þ þ 1: Let
Dq;k;s ¼ Mk;s  ð2hk;s  2Þ:
Let us consider the set
Yq;k;s ¼ fnAN j Dq;k;s42ng
with
Rq;k;s ¼ supYq;k;s ¼ card Yq;k;s  1 ¼
Dq;k;s
2
	 

if Dq;k;s is odd;
Dq;k;s
2
 1 if Dq;k;s is even:
8><
>>:
Let us consider the set
Fq;k;s ¼ fnAN j 2hk;s þ 1pqn1ðq  1Þg
with
Gq;k;s ¼ inf Fq;k;s
and the set Iq;k;s deﬁned by
Iq;k;s ¼ Yq;k;s-Fq;k;s ¼ ½Gq;k;s; Rq;k;s:
Lemma 2.1. Let q ¼ pr be a prime power such that qX3: Then for any kX3 and
s ¼ 0;y; r  1; Iq;k;s-Iq;k;sþ1 is not empty.
Proof. For any kX3; Iq;k;0-Iq;k;r is not empty by Lemma 2.3.3 in [1], thus
Gq;k;roRq;k;0: Moreover, Gq;k;s and Rq;k;s clearly are increasing functions for qX3;
kX3 and s ¼ 0;y; r: Consequently, for any s ¼ 0;y; r  1 we have Gq;k;sþ1oRq;k;s
which gives the result. &
Lemma 2.2. Let Jq;N ¼
SN
k¼3;r¼0;y;r Iq;k;s; then Jq;N is a covering of ½Gq;3;0;NCN:
Proof. First, Gq;k;s is an increasing function for any kX3 and s ¼ 0;y; r:
Consequently, the result immediately follows from Lemma 2.1. &
Proposition 2.1. Let q ¼ pr be a prime power such that qX3: Then for any n41
2
q2 þ 1;
there exists an algebraic function field Fk;s=Fq2AT of genus gk;s with kX3 and
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s ¼ 0;y; r  1 such that 2gk;s þ 1pqn1ðq  1Þ and having more than 2n þ 2gk;s  2
places of degree one.
Proof. By Theorem 2.2 and Deﬁnition 2.2, we have gk;sphk;s ¼ gkþ1prs þ 1 and
Nk;sXMk;s: Thus, by the deﬁnition of Iq;k;s and by Lemma 2.2, for any nAIq;N;
there exists an algebraic function ﬁeld of genus gk;s such that 2gk;s þ 1pqn1ðq  1Þ
having more than 2n þ 2gk;s  2 places of degree one. Moreover, for any qX3;
Gq;3;0o12 q2 þ 1 and the proof is complete. &
3. Bounds on the multiplication complexity
Now, let us give some new bounds obtained from the results of Section 2 and
Theorem 1.1.
Theorem 3.1. Let q ¼ pr be a prime power such that q43: Then for any integer n;
mq2ðnÞp2 1þ
p
q  3
 
n:
Proof. By Proposition 2.1, for any integer n; let k and s be the smallest integers such
that 2noNk;s  2gk;s þ 2; then 2nXNk;s1  2gk;s1 þ 2: For any integer kX3 and
for any integer s ¼ 1;y; r; we have gkpqk þ qk1 by Theorem 2.1 and gk;spgkþ1prsþ
1 by Theorem 2.2. Hence, we have gk;s1pqk1ps1ðq þ 1Þ þ 1: Moreover, we
have Nk;sXðq2  1Þqk1ps by Theorem 2.2, then we obtain the following
inequality 2nXðq2  2q  3Þps1qk1: Thus, we have s þ rðk  1Þplogpð2nÞ 
logpðq2  2q  3Þ þ 1 and as mq2ðnÞp2n þ gk;s  1p2n þ q
kþ1þqk
prs ¼ 2n þ ðq þ
1Þpsþrðk1Þ by Theorem 1.1, then mq2ðnÞp2n þ ðq þ 1Þplogpð2nÞlogpðq
22q3Þþ1 which
gives mq2ðnÞp2ð1þ pq3Þn: &
Corollary 3.1. Let q ¼ pr be an prime power such that q43: Then for any integer n;
mqðnÞp6 1þ
p
q  3
 
n: ð1Þ
Proof. By Lemma 1.2 in [3], for all integers n and m; we have
mqðnÞpmqðmnÞpmqðmÞmqmðnÞ: Hence for q43; we put m ¼ 2 and use mqð2Þ ¼ 3
for any q: Then inequality (3) follows from Corollary 3.1. &
Remark. Note that for q ¼ 3 and for q ¼ 2; we obtain m3ðnÞp27n and m2ðnÞp54n
by using mqðnÞpmqðmnÞpmqðmÞmqmðnÞ as in [1].
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